We present measurements of internal proper motions at more than five hundred positions of NGC 2392, the Eskimo Nebula, based on images acquired with WFPC2 on board the Hubble Space Telescope at two epochs separated by 7.695 years. Comparison of the two observations shows clearly the expansion of the nebula. We measured the amplitude and direction of the motion of local structures in the nebula by determining their relative shift during that interval. In order to assess the potential uncertainties in the determination of proper motions in this object, and in general, the measurements were performed using two different methods, used previously in the literature. We compare the results from the two methods, and to perform the scientific analysis of the results we choose one, the cross-correlation method, as the more reliable. We go on to perform a "criss-cross" mapping analysis on the proper motion vectors which helps in the interpretation of the velocity pattern. Combining our results on the proper motions with radial velocity measurements obtained from high resolution spectroscopic observations, and employing an existing 3D model, we estimate the distance to the nebula as 1300 pc.
Introduction
NGC 2392 (α = 07:29:10.76, δ = +20:54:42.47 [J2000.0]) is one of the most extensively studied high-ionization double-shell planetary nebulae (see García-Díaz et al. (2012) , hereafter Paper I, and references therein) which is better known as the Eskimo nebula. The Eskimo nebula shows a very complex structure: a main inner shell with a filamentary shape surrounded by a ribbed structure (in Paper I "caps"), an outer shell, bright cometary knots and collimated high-velocity bipolar outflows.
Comprehensive spectroscopic kinematic studies in Paper I have shown that the expansion velocity of the inner shell is V exp ≈ ±120 km s −1 . This kinematic study also revealed that the knots are distributed in a disk very near the plane of the sky expanding at velocities of ≈70 km s −1 . O'Dell et al. (1990) suggests that the outer shell is an oblate spheroid and the inner shell can be well described as a prolate spheroid oriented pole-on.
In Paper I we found that the inner shell is tilted by 9
• with respect to the line of sight with a position angle, P.A., of 25
• and, to a first approximation, has a width to length ratio of approximately 1.8.
The central star (CS) of the Eskimo has been studied by several authors. An important discussion about the temperature of the CS is given by Pottasch et al. (2008) , in a paper about the abundances of the nebula using spectral data obtained in the mid-infrared with the Spitzer Space Telescope. The authors assume that [N II] was formed probably in the first dredge-up, that the abundance of carbon was produced during the third dredge-up and that there is no evidence about the existence of a second dredge-up. From this analysis the authors found that the central star must have evolved from a progenitor of 1.7 M ⊙ . Several authors have calculated an effective temperature, T eff , of the CS of around 40 000 K -45 000 K (Méndez et al. 2011; Pauldrach et al. 2004; Kudritzki et al. 1997) .
However this temperature is not high enough to explain high stages of ionization of some ions such as O IV and Ne V which have been observed in the nebula (Pottasch et al. 2008; Natta et al. 1980) . Ciardullo et al. (1999) observed a weak companion of the CS which is undetected in V band. In an attempt to model the companion star, Danehkar et al. (2012) used photoionization models and their result showed that the companion star must have a T eff = 250 000 K, which is much higher than that proposed by Pottasch et al. (2008) . To date there is no decisive evidence on the nature of the putative companion star.
In order to understand the nature and origin of the Eskimo nebula, it is crucial to know its distance, which at present is not very well known. Several attempts have been made to find it using different statistical methods. Maciel (1981) estimated a distance of 1.1 kpc by using a mass-radius relation (Barker 1978) . Hajian & Terzian (1995) measured the angular expansion of NGC 2392 at a radio frequency of 5 GHz with the VLA with 6 years between epochs, employing the Doppler expansion velocity to calculate the distance to the nebula (assuming a spherical shape). The authors did not detect an angular expansion of the nebula, leading to a lower limit for the distance of 1.4 kpc. Stanghellini et al. (2008) revised the calibration of the PN distance scale from Cahn et al. (1992) using data for PNe in the Magellanic Cloud. This statistical method is based on a calibration of the relation between the ionized mass (assuming that all nebulae have the same ionized mass) of PNe and the optical thickness parameter. In this way, the authors obtained a distance for NGC 2392 of 1.6 kpc with an uncertainty of 130 pc. Pottasch et al. (2011) reported 1.8 kpc for the distance, inferred from the core mass, the chemical nebular abundances, and the luminosity.
Another method for calculating distances is using proper motion measurements.
Sample of a previous application of proper motion methods is found in Artigau et al (2011) , who used cross-correlation methods to measure the proper motions of the knots and arcs of Eta Carinae using data from the Near-Infrared Coronagraphic Imager and NACO. Using the same method (cross-correlation), Ueta et al. (2006) calculated proper motions of the dust shell structure in the Egg Nebula based on the archived two-epoch data at 2 µm taken with the Hubble Space Telescope (HST, with a 5.5 yr interval). From these data the authors determined the distance to the Egg nebula.
Szyszka et al (2011) used a different method on two epochs of HST imaging, separated by 9.43 yr in order to measure the expansion proper motions for NGC 6302's bipolar lobes, calculating the χ 2 of the difference image. Li et al. (2002) observed the PN BD+30-3639 using the WFPC2 camera on board the HST. The data were obtained from two different epochs, separated by 5.663 yr. They used the χ 2 method to measure the radial expansion of this PN. To derive the distance of the nebula, these authors combined the angular expansion with radial expansion velocities taken from the HST STIS Echelle spectrograph.
A recent paper about proper motions was published by O'Dell et al. (2013) , where tangential velocities were calculated for NGC 6720 using the least-squares (χ 2 ) method.
These studies all present the results of either only cross-correlation or the χ 2 method for their determination of internal proper motion patterns. Up to now it is, however, unclear how these methods compare and how consistent are the results when applied to the same data set. In order to asses better the reliability of proper motion measurements in general and for this object in particular by these methods, we apply both of them (cross-correlation and χ 2 ) on the same data sets.
In this paper, we report proper motion measurements for a large number of structures and arcs in the Eskimo nebula, using two [N II] 6584Å images from the HST archive which were observed with a time interval of 7.695 yr. The results, along with the radial velocity measurements taken from long-slit, high-resolution, spectroscopic observations (Paper I) allow us to determine the distance.
The structure of the paper is as follows. In §2 we describe the observations and the data-reduction steps. In §3 we describe in more detail the methods for finding the measurements of the proper motions in the nebula. In §3.1 we discuss the differences between the methods. In §4 we discuss the radial velocities. In §5 we explain the method for calculating the distance. In §6 we perform a criss-cross mapping analysis. Finally, we present in §7 and §8 a discussion of the results and our conclusions. We convert heliocentric radial velocities to velocities relative to the Eskimo nebula by taking the systemic velocity, V sys = 70.5 km s −1 , calculated in Paper I. The spectroscopic data are summarized in Table 1 . Table 2 summarizes the imaging observations. The time interval between observations is 7.695 yr with an angular resolution of ≈ 0. ′′ 1. The mosaicing, geometric correction, and astrometry correction were done in the HST pipeline using Astrodrizzle. The mosaics were median combined. In order to compare the two combined mosaics, we regridded them using the SWARP utility (Bertin et al. 2002) , matching the X-Y directions with RA-DEC. The correction of the very small residual relative displacements between the two mosaics were performed recursively by analyzing visually the arithmetic difference, using as reference the general structure that remains fixed. The shifting was carried out in 0.1-pix steps.
We used the central star as reference. The positions of the points where we calculated the proper motions in the nebula are given as offsets in RA and DEC referred to this point. 
Measurement Technique
In order to measure the proper motions in the nebula, we determined the shift of > 500 regions, defined using well-defined knots or arcs. We used two methods based on the assumption that the proper motion of any local structure in a nebula due to expansion can be measured by determining the translational shift of the structure.
First method: This method employs cross-correlation, sometimes called crosscovariance. It is a measure of the similarity of two signals, in the one-dimensional case, or of two images, in the two-dimensional case. It is used mainly to look for patterns in an unknown signal comparing it with a known one.
The definition of the cross-correlation function C f g (i, j) normalized in a digital discrete image is given by:
where f (x, y) and g(x, y) are functions representing the pixel values of the two images, i and j are the relative displacements of one image (Epoch-2) with respect to the other (Epoch-1),f andḡ are the average values of functions f and g, respectively, M and N are the dimensions of the subimage used (in our case, instead of analyzing the entire image we analyzed sections of the image, and we refer to those as subimages), and σ f and σ g are their standard deviations. Then, C f g (i, j) varies between −1 and 1.
In this case, to calculate the velocity of a given point, we defined a box of size N × N pixels around that point, where N is chosen according to the characteristics of the neighborhood of the point. Generally, N = 15 was enough to measure the displacements of the points.
We denote as p the center of the box. This N × N pixels box is correlated with a box of the same size centered at p + δ in the other image. We then move δ so that −δ max ≤ δ x ≤ δ max and −δ max ≤ δ y ≤ δ max , obtaining a value for the correlation at each point, to form the function C(p, δ). The point with coordinates (δ x , δ y ) where the function is maximum determines the displacement of the structure under study.
Calculating the cross-correlation for different displacements, δ, in one of the images, we can build the function C(p, δ) = C f g (δ x , δ y ). For the calculations, we used the task XREGISTER implemented in IRAF, where the cross-correlation function is computed in the following manner:
where
Repeating the calculation in all the 536 regions marked on the Epoch-1 image, we obtained the displacement map shown in Figure 2 (left panel), representing the internal motion of the nebula in the plane of the sky.
Second method: This method is based on the minimization of chi-squared (χ 2 ). We used the same 536 different local regions identified above.
These structures should be located at slightly shifted positions in the Epoch-2 images due to proper motion of the nebula. To quantify the displacements, we defined square image sections centered on each of these local structures in the Epoch-1 image. The size of these image sections has to be large enough so that the segmented structures can be uniquely identified. To analyze each section, we produced a custom IRAF task to shift the section of one epoch respect to the corresponding section of the other epoch, to calculate the difference and to estimate the chi squared (χ 2 ) on the difference. The script repeats this process spanning from −∆x to +∆x, and from −∆y to +∆y, where ∆x and ∆y were programable, in increments of 0.1 pixel. Visually we determined that the displacements are generally smaller than 1 pixel, so we carried out several trials putting ∆x = ∆y = 2 or 3 pixels. In Figure 3 we show a 3D plot of χ 2 for 12 example cases, where we can see that the surface shows a minimum value of χ 2 in these plots, which corresponds to the displacement for which the region of the second epoch is most similar to the same region on the first epoch. Then measuring the position of this minimum gives the magnitud of the displacement vector, because the x,y coordinates of this point are the relative positions given in 0.1-pixel steps with respect to the center of the region on the Epoch-1 image.
In general, the map obtained with this method (see Figure 2 , right panel) is a good representation of the movements in the nebula. However, we found several cases where the minimum value is not so well defined as we can see in Figure 4 . Generally in these cases the velocity vector was different from the movements observed in a visual approach. The reason for these discrepances could be the uncertainties in the determination of the displacements,
given by the center of the surface of the χ 2 plot.
3.1. Differences between the two methods to calculate the proper motions.
We measured the proper motions of more than 500 regions of NGC 2392 by two methods: one using cross-correlation and another using the minimization of χ 2 . There are several points where the magnitude of the displacement obtained by minimizing the χ 2 is larger than a full pixel, but visual inspection shows that the movements are smaller than that. We believe that these values, obtained by minimizing χ 2 , are generally oversized in the process of searching the minimum value, particularly in regions where the shape of the surface defined by the value of χ 2 as a function of the displacements in X and Y is not as sharp and well behaved (see Figure 4 ) as those in Figure 3 .
There are a couple of other points whose associated regions have very high ratio between the maximum and minimum values, or where this ratio is negative. In Figure 5 we show a plot of the ratio maximum/minimum of the pixel values in each subregion considered for each point in the χ 2 method, taken as a measure of the contrast. We see those cases in Figure 5 .
Discarding those points we see that in the overall, the discrepancy between these two methods is really small. However, we preferred the values obtained with the cross-correlation method since we did not need to discard any values with that method.
In addition, comparing the two images using a direct visual approach, we can see that the values obtained from the cross-correlation method are more representative of the motion in the nebula, since the global proper motions are more readily apparent in the cross-correlation method.
Radial Velocities
The radial velocity of each local big structure or region (see Figure 1 ) was calculated In some cases, we had problems with the identification of the velocities of some of the regions, because we found two or three different velocities in the same position of the HST image. In those cases, we took the velocity of the brightest node in the P-V array.
The radial velocities with respect to the central star are listed in Table 3 .
Distance
We calculate the distance to the Eskimo nebula using the proper motion vectors calculated from the cross-correlation method and taking only the vectors of the inner shell,
given that we know its geometry. Statistically, the components of proper motions are pm x ≈ pm y . If we consider a spherical distribution, the root mean square (RMS) of the radial velocity would be: rv ≈ pm x ≈ pm y . Assuming the shape of the inner shell as modeled in Paper I (see Figure 7) where the ratio between the major axis (b) and minor axis (a) is b/a = 1.8, therefore,
or, in terms of the RMS of the proper motions ( pm = pm 2 x + pm 2 y )
If we express the time interval between the two epochs of observation by δt (in years), the rms of the measured transverse displacements (on the images) by δr (in arcsec), and the distance D (in parsecs) to the Eskimo nebula, the rms of proper motions can be expressed by (see Appendix A, eq. 13),
Using the eq. 8, we can compute D by,
and from our measurements we calculate a distance of 1300 pc. This value is similar to other published values: 1.4 kpc from Hajian & Terzian (1995) , 1.6 kpc from Stanghellini et al.
(2008) and 1.8 kpc from Pottasch et al. (2011) .
Applying our newly computed distance, 
Criss-cross mapping
Criss-cross mapping was recently developed by Steffen & Koning (2011) as an analysis tool to identify patterns in proper motion measurements, in particular systematic deviations from homologous expansion. The basic idea is to find regions where the projected velocity vectors converge or diverge. For the mapping, the vectors are extended over the full image range independently of the direction. All lines have a fixed brightness value (e.g. 1) and are then added together in an image. The resulting image, which may be convolved with a gaussian smoothing function, will show enhanced values where the line crossing-points cluster, thereby revealing regions on which the motion converges or from where it diverges.
As can be appreciated by close inspection of Figure 2 , the proper motion pattern obtained by applying the cross-correlation and the χ 2 methods are somewhat different from each other and clearly not consistent with the radial pattern expected from homologous expansion, which produces a central point-like concentration (Steffen & Koning, 2011) . In order to assess whether the deviations from homologous expansion are purely intrinsic to the methods or might contain information about deviations of the 3D velocity field from homologous expansion, we perform a criss-cross mapping analysis on the data and on a correction to the model of homologous expansion. The model is based on the following hypothesis.
Since the inner bubble of the Eskimo nebula contains hot X-ray emitting gas (Guerrero et al. 2005; Ruiz et al. 2013 ) it may well be that its expansion is dominated by thermal pressure. Therefore, instead of expanding homologously, the direction of the velocity field might be perpendicular at every surface point of the bubble. In Figure and right) show a more complex structure centered to the north of the central star. The overall structure is, however, much less elongated in the north-south direction compared to the ellipsoidal model and are more consistent with an off-center noisy point structure.
The criss-cross mapping is therefore not consistent with an expansion perpendicular to the nebular surface but rather with radial expansion. The center of expansion is however off-center from the central star.
Discussion
In this article we have produced proper motion velocity maps for the Eskimo nebula, using images from the HST taken at two different epochs separated by 7.695 years. One map was generated using a method based on χ 2 minimization and the other was obtained by calculating the cross-correlation. Both methods used the same ( > 500) subregions of the images. We find that the cross-correlation method provides a slightly more continuous pattern of proper motion vectors than the χ 2 method.
The X-ray emission, constrained by the outline of the inner bubble, suggests the possibility that the expansion of the bubble is dominated by the thermal pressure of the hot gas rather than by the inertia of the bubble, resulting in an expansion perpendicular to its surface, rather than radially outwards. A comparison with a simple ellipsoidal model with velocity vectors perpendicular to the surface shows that such a model indeed reproduces the overall local deviations of neighboring proper motion vectors.
Criss-cross mapping analysis is incompatible with the pressure driven overall ellipsoidal model and with the velocity perpendicular to the surface.
We also present the radial velocities calculated at the different points where we measured the proper motions. From those we infer a distance to the nebula of 1300 pc, a value well within the range of the published values (1.1 -1.8 kpc) for the distance to this nebula.
Conclusions
A key result of this study is that the application of two different methods for the determination of internal proper motion in the Eskimo Nebula (NGC 2392) based on the same observational data has shown that the results are quite similar with minor deviations between the two methods.
Criss-cross mapping of the proper motion vector field yields no evidence in favor of an expansion perpendicular to the inner bubble, which in turn is an indication that the hot gas inside the bubble is not driving the expansion, rather than inertia of the dense shell of NGC 2392.
Last, but not least, based on our data we determined a distance to the 
Statistically, pm x ≈ pm y , so with a spherical distribution rv ≈ pm x ≈ pm y .
However, assuming the shape of the inner shell as modeled in Paper I (where the major and minor axes are b and a), we can consider that, statistically, the RMS of the proper motions are b/a times the RMS of the radial velocities, rv , i. e.
or
Then the distance to the nebula is
-20 -taking b/a = 1.84 which was derived from the 3D model (Paper I), we final D = 1300 pc.
If we consider δt = 8.805 yr, we are able to calculate a scale factor to convert arcsec into km s −1 from Eq. 13 Fig. 4 , but can be noticed that in this case the function around the minimum is more difficult to be defined. In several of these cases the calculated velocity vector was different than the movement observed using a visual approach. 
